The Berry curvature involving time and momentum derivatives, which we term emergent electric field, induces a nondisspative current known as the adiabatic charge pumping or Thouless pumping in periodically driven systems. We study dissipative currents originated from the interplay between emergent electric fields and electric/magnetic fields in two and three dimensions on the basis of the Boltzmann transport theory. As an example of two-dimensional models, we study the Rashba Hamiltonian with time-dependent and anisotropic spin-orbit coupling. We show that the interplay between emergent electric fields and electric fields leads to a current transverse to electric fields, which is symmetric and contributes to the entropy production. As an example of three-dimensional models, we study the Weyl Hamiltonian under AC electric fields. We show that the interplay between emergent electric fields and magnetic fields leads to a Hall-type current at zero DC electric fields, which is now transverse to DC magnetic fields: jx = σxyBy (σxy = −σyx). The Hall photocurrent is relevant in the inversion symmetry breaking Weyl semimetals such as TaAs or SrSi2.
I. INTRODUCTION
Transport phenomena under external fields such as electromagnetic fields, temperature gradient, and mechanical strain are one of the fundamental subjects in physics. Although familiar and classical effects such as Ohm's law, Hall effect, Seebeck effect, and Nernst effect have been found in the 19th century, new transport effects such as quantum Hall effect [1] [2] [3] , (quantum) anomalous Hall effect [4] [5] [6] [7] [8] [9] [10] [11] , (quantum) spin Hall effect [12] [13] [14] [15] [16] [17] [18] and chiral magnetic effect (CME) [19] [20] [21] [22] still have been found in last four decades in systems with breaking of time-reversal symmetry and/or inversion symmetry (parity).
It was soon realized that those new transport phenomena can be uniformly described by using the Berry phase and Berry curvature [23] . We can define the Berry connection a = u † i∇ p u and Berry curvature b = ∇ p × a in (three-dimensional) momentum space, by using wave function u(p) [p are monetum]. We term the Berry curvature b emergent magnetic field, which leads to a momentum analogue of Lorentz force (anomalous group velocity) in the semiclasscial wave packet dynamics of electrons [9, 24] . The aforementioned transport phenomena are originated from the anomalous group velocity because of the interplay between the emergent magnetic field b, and electric fields E or magnetic fields B, e.g., j Hall ∼ b × E, and j cme ∼ B(v · b), where v = ∇ p ε is the group velocity of Bloch electrons.
When Hamiltonian depends on time t under timedependent external fields such as AC electric fields, wave function depends on t [u(t, p)]. Now we can define time-component of the Berry connection a 0 = u † i∂ t u, and the associated Berry curvature f pit = ∂ pi a 0 − ∂ t a pi (p i=x,y,z ), which behaves as electric field in momentum space [e = (f pxt , f pyt , f pyt )], and induces an analogue of * hayata@phys.chuo-u.ac.jp the coulomb force in the semiclasscial wave packet dynamics of electrons [9, 24] . We term the Berry curvature e emergent electric field. It is known that the emergent electric field induces a nondissipative DC current in periodically driven systems, which is referred to as the adiabatic charge pumping or Thouless pumping [25] [26] [27] [28] [29] . However in contrast to the emergent magnetic field b, the transport phenomena originated from the interplay between it and other external fields such as electromagnetic fields have not been discussed yet.
In this paper we study dissipative currents originated from the interplay between emergent electric fields and electric/magnetic fields on the basis of the Boltzmann transport theory with the relaxation time approximation. Although we can consider a natural analogue of the anomalous Hall effect, that is, the Hall current induced by emergent electric fields along the direction transverse to them in the presence of magnetic fields, j Hall ∼ B ×e [30] , it flows in momentum space and is not relevant in transport phenomena in real space. To discuss the effect of the interplay in real-space transport phenomena, we need to consider the change of the distribution function by external fields and study dissipative currents. We show, by studying the Rashba and Weyl Hamiltonians as examples, that there arise new types of anomalous currents originated from the interplay between emergent electric fields and electric/magnetic fields. Below we use natural units ( = c = 1).
II. TWO DIMENSIONAL SYSTEM

A. Model Hamiltonian
We consider the two-dimensional fermion model with spin-orbit and Zeeman couplings. The model Hamiltonian is given as where σ i are the 2 × 2 Pauli matrices. λ x (t) and λ y (t) are anisotropic coupling strengths of the Rashba spinorbit interaction [31, 32] in surface states with C 2v point group symmetry [33, 34] . Both of them depend on the potential gradient perpendicular to the surface, λ x,y ∼ ∂ z V [34] (We term the direction perpendicular to the system z direction), and are experimentally controlled by applying gate voltage [35] . We assume that λ x (t) and λ y (t) periodically oscillate with the same frequency ω, which is physically realized by oscillating gate voltage with the frequency ω e.g., V ∼ V 0 (z) cos ωt. M (t) is the coupling between electron's spin and external magnetic field or (mean-field) magnetization. We also assume that M (t) depends on time, which is physically realized by time-dependent external magnetic field perpendicular to the system. We rewrite Eq. (1) as
where
, and 1 is the 2 × 2 unit matrix. We hereafter employ the Einstein convention for repeated indices. The instantaneous eigenvalues of the Rashba Hamiltonian (1) or (2) are given as
where R, θ and ϕ are the spherical coordinates in R space. Then we can obtain the Berry connection and Berry curvature in R space as
whereR,θ, andφ are the unit vectors in the spherical coordinates. For later purpose, we calculate the Berry curvature in three-dimensional space ξ µ = (t, p x , p y ):
We can obtain f ± ξµξν by using the pullback from R space to ξ space:
Here we decompose λ x , λ y and M into nonperturbative static and perturbative time-dependent parts as λ x(y) = λ x0(y0) + ∆ x(y) cos(ωt) and
We consider a monochromatic oscillation with the frequency ω, and evaluate the Berry curvature up to the leading order of ∆ x , ∆ y , and ∆ M .
B. Boltzmann transport theory
We calculate the anomalous currents on the basis of the Boltzmann transport theory with the relaxation time approximation. In two dimensions, the Boltzmann equation with Berry curvature corrections is given as [30] 
where l = (σ, p), τ , and q > 0 denote the electron states (spin and momentum), relaxation time, and elementary charge, respectively. n 0l = n 0 (ε l ) is the equilibrium distribution function with n 0 being the Fermi-Dirac distribution function. B is the magnetic field along the z direction, and b σ = f σ pxpy (ẑ is the unit vector along the z direction). We defineṽ and E asṽ ≡ ∇ pεl − e σ and E ≡ −qE −∇ xεl , whereε l = ε l −m l ·B(x)ẑ with m l being the orbital magnetic moment, and e σ = (f σ pxt , f σ pyt ). Below we consider static and homogeneous magnetic field and take E = −qE.
By assuming spatially homogeneous distribution, we solve the Boltzmann equation in the ωτ 1 regime. The distribution function reads, up to linear order of electric and magnetic fields,
where v 0l = ∇ p ε l . The electric current is given as
where we define
, and neglected O(e 2 ) terms, which may suffer from contributions from higher order terms in the kinetic theory. We note that the Zeeman energy shift does not contribute to anomalous currents in the leading order in E and B. The first term gives two anomalous currents. One is the so called adiabatic charge pumping [9] and the other is the intrinsic contribution to the anomalous Hall effect [7] [8] [9] . They are apparently independent of relaxation time and nondissipative. The second term gives the conventional dissipative current induced by electric fields, and the anomalous one originated from the interplay between e and E. In the Rashba Hamiltonian, the former induces the current parallel to electric fields, but no current transverse to electric fields. On the other hand, the latter gives no longitudinal current, and gives only the transverse current. The last term is the Hall-type pumping, which is perpendicular to emergent electirc fields e, not electric fields E as in δn 2l . The mechanism is similar to the extrinsic anomalous Hall effect because of skew scattering [7-9, 36, 37] , in which the change of the distribution function is given as δn
We note that these expressions are model-independent.
C. Model calculation
The intrinsic anomalous Hall effect, that is, the anomalous current originated from emergent magnetic fields has been discussed in details (See e.g., Refs [7] [8] [9] ). Then we focus on those induced by emergent electric fields. We find that the adiabatic and Hall-type charge pumpings vanish because of the symmetry under p x → −p x and p y → −p y . The nonvanishing charge pumping comes from only the interplay between e and E, and contributes to the transverse conductivities defined by j x = σ xy E y and j y = σ yx E x :
, p F σ are the Fermi momentum, and we consider the zero temperature limit. j x and j y are the average of electric currents over one cycle of the time-periodic external fields. We here assume that λ x0 = λ y0 = λ 0 to evaluate the momentum integration with the isotropic Fermi surfaces. In general cases, σ xy = σ yx . We note that for µ < |M |, only the lower band (σ = −) contributes to the conductivities, and for µ < −|M |, there are contributions from the inside and outside Fermi surfaces of it if m|M | < λ 2 0 . Eq. (17) is originated from the symmetric and longitudinal change of the distribution function δn 1l , and the conductivity becomes symmetric, σ xy = σ yx , rather than antisymmetric, σ xy = −σ yx . Therefore the current (simultaneously) flows in the same direction with the anomalous Hall current, but contributes to the entropy production (j · E = 0). If we consider the asymmetric and transverse change e.g., due to skew scattering δn [7-9, 36, 37] , the charge pumping qe σ δn tr l now contributes to the longitudinal conductivities σ xx and σ yy in an anti-symmetric way.
III. THREE DIMENSIONAL SYSTEM
A. Model Hamiltonian
We consider Weyl Hamiltonian as an three-dimensional fermion model to have nonzero Berry curvature. The model Hamiltonian is given as [38, 39] 
where R(p) = (vp x +gD y , vp y −gD x , v z p z ) t , and χ = ±1 for right-and left-handed Weyl nodes, respectively. p a (a = x, y, z) are momentum measured from the Weyl node. We choose the axis of p, so that the pair of Weyl nodes related by time-reversal or inversion symmetry are aligned along the z axis. v and v z are velocities of Weyl electrons along the x (y) and z directions, which in general take different values due to the uniaxial anisotropy about the z axis. D a (a = x, y) are AC electric field along the x and y directions. As the coupling to the external electric field, we consider an orbital coupling with the coupling strength g, which is allowed by symmetry when the Weyl node is put away from high-symmetry points, such as the Γ point [38, 39] .
We consider the incident light along the z direction
, where D, ω, and δ are, respectively, the square root of the intensity, the frequency, and the phase shift of light. D describes a circularly polarized light when δ = 0, π, and a linearly polarized light when δ = π/2, 3π/2. The Berry curvature in R space is the same as that of the Rashba Hamiltonian. We can calculate the Berry curvature in physical space ξ µ = (t, p x , p y , p z ) in the same way with the Rashba Hamiltonian by using the pullback.
B. Boltzmann transport theory
In three dimensions, the Boltzmann equation with Berry curvature corrections is now given by Eq. (12) and the following classical equation of motion [9, 30] :
, and E = E + D. E and D are DC and AC external electric fields, respectively [39] . We neglected the Zeeman energy shift, which does not modify the following expressions.
The change of spatially homogeneous distribution function is given as, up to linear order of electric and magnetic fields,
, and neglected O(e 2 ) terms. The first term gives the adiabatic charge pumping [9] , the intrinsic anomalous Hall effect [7] [8] [9] , and the chiral magnetic effect [40] [41] [42] . They are obtained from the equilibrium distribution function, and nondissipative. The second term gives the conventional dissipative current induced by electric fields, and the dissipative charge pumping originated from the interplay between e and E. The last term is the Hall-type charge pumping transverse to the emergent electric fields. As shown below, it leads to a new type of DC Hall current. We note that these expressions are model-independent.
C. Model calculation
The anomalous currents originated from emergent magnetic fields have been discussed in details. Then we focus on the anomalous currents induced by emergent electric fields. We find that the adiabatic charge pumping, and the dissipative charge pumping originated from the interplay between e and E vanish in the linear Weyl model. The nonvanishing charge pumping comes from only the interplay between e and B, and is given as, in the leading order of D,
whereσ yx = −σ xy , j z = 0, µ is the chemical potential measured from the Weyl node energy, and we consider the zero temperature limit. The expression is the same for positive (µ > 0) and negative doping (µ < 0). The conductivity takes the maximum value in circularly polarized light, while vanishes in linearly polarized light because of the polarization-dependence of the emergent electric fields [38, 39] . This is the Hall-type photocurrent, which flows in the direction transverse to DC magnetic fields. Since the electron's orbital coupling to electric fields, and the chemical potential measured from the Weyl node can differ between right-and left-handed Weyl nodes in the absence of the inversion symmetry [38, 39] , the Hall photocurrent does not cancel between Weyl nodes, and can contribute to transport phenomena in the inversion symmetry breaking Weyl semimetals such as TaAs or SrSi 2 [43] [44] [45] [46] [47] . In the Weyl semimetals without tilting or nonlinear term, the adiabatic charge pumping vanishes. Thus the Hall photocurrent is the first nontrivial effect induced by emergent electric fields. Even if we take them into account, the photocurrent from the adiabatic charge pumping is parallel to the Weyl node separation vector (ẑ in our notation) [38, 39] . Therefore these effects are perpendicular to each other and in general distinguishable.
IV. SUMMARY
We have studied the dissipative currents originated from the interplay between emergent electric fields and electric/magnetic fields in two-and three-dimensional models on the basis of the Boltzmann transport theory. In two dimensions, by studying the Rashba Hamiltonian, we show that the interplay between emergent electric fields and electric fields leads to the anomalous current transverse to electric fields. The dissipative charge pump-ing is not anti-symmetric and contributes to the entropy production. In three dimensions, by studying the Weyl Hamiltonian, we show that the interplay between emergent electric fields and magnetic fields leads to the dissipative Hall current in the absence of DC electric fields, which is now transverse to DC magnetic fields. The Hall photocurrent will be relevant in the inversion symmetry breaking Weyl semimetals such as TaAs or SrSi 2 [43] [44] [45] [46] [47] .
There are several generalizations of our work. One direction is to consider spatially inhomogeneous change of the distribution function and calculate the Hall conductivity at finite-momentum [48, 49] . It is also interesting to study thermal currents and viscosities. Another direction is to study higher order terms in electromagnetic fields, that is, nonlinear transport phenomena [50] [51] [52] with taking the effect of emergent electric fields into account.
We can perform the same analysis in the presence of the nonabelian Berry curvature on the basis of the nonabelian version of the kinetic theory [53] [54] [55] [56] . There may arise the dissipative transverse spin pumping or the dissipative B-induced Hall-type spin pumping, which is originated from the interplay between emergent electric fields and electric or magnetic fields e.g., in graphene or Dirac semimetals.
